We put forward a scheme for tailoring the optical response of a four-level coherent media allowing the realization of competing giant nonlinearities of cubic-quintic type, with focusing and defocusing behavior for low and large field amplitudes, respectively. Numerical simulations of the beams propagation through tailored media show evidence of two-dimensional optical solitons with liquid-light dynamics, which can be observed in the frame of current experiments.
I. INTRODUCTION
Media whose properties can be modified by the interference between the amplitudes of its quantum states are called coherent media. One of their most interesting features is the possibility of using one or more coherent electromagnetic fields, the so-called coupling or control fields, properly tuned with respect to the energy levels of the media to engineer their properties and probe them by a weaker electromagnetic field, the probe field. Among the first applications of coherent media was the absorption suppression due to destructive quantum interference between different excitation pathways, a technique known as electromagnetic-induced transparency ͑EIT͒ ͓1͔.
The advent of coherent media opened the doorway to the experimental observation of effects which otherwise were unachievable by conventional media. This includes, for instance, lasing without inversion ͓2͔, enhancement of nonlinear refractive index ͓3͔, slow light ͓4͔, and quantum memory for photons ͓5͔. Besides the experimental reports, in the literature there are many theoretical results concerning phenomena in coherent media, such as tailored nonlinear optical response ͓6,7͔, optical black holes ͓8͔, and negative refractive indexes ͓9͔. In most of the studies the interaction between the fields and coherent media is addressed within the frame of the perturbative regime where the amplitude of the probe field is small in comparison with the coupling one so that the probe beam itself does not alter the medium properties essentially. Only few works have investigated the fully nonperturbative regime ͓6,10,11͔. For a general review of phenomena in coherent media see, e.g., Ref.
͓12͔.
The dynamics of nonlinear waves, extensively studied in conventional media, was also formulated in the context of coherent media. Based on their engineered properties new interaction regimes involving fields and matter were put forward. The proposals include propagation of pair pulses of fields and atomic excitations, known as adiabatons ͓10͔, solitons in EIT-induced waveguides ͓13͔, spatial Thirringtype solitons ͓14͔, propagation governed by a generalized nonlinear Schrödinger equation ͑NLS͒ ͓15͔, and solitons in Raman media ͓16͔. Experimentally, transverse focusing and defocusing of waves has been observed ͓17͔.
In addition, the realization of cubic-quinticlike nonlinear responses was discussed in Ref. ͓18͔ . The cubic-quintic ͑CQ͒ nonlinearities display focusing and defocusing behavior for low and large field amplitudes, respectively. This type of nonlinearities were introduced as collapse arresting mechanisms ͓19͔, but afterward they have received broader theoretical attention. Many issues related with the nonlinear waves in CQ media have been investigated, e.g., formation and dynamics of light bullets ͓20͔, stability of fundamental states ͓21͔, localized and delocalized vortices ͓22͔, soliton clusters ͓23͔, and discrete solitons ͓24͔. Also, the CQ nonlinearities were incorporated in vector ͓25͔ and GinzburgLandau models ͓26͔. Studies of the dynamics in CQ models pointed out that they support nonlinear waves with liquidlike behavior ͓27͔. In Bose-Einstein condensates ͑BEC͒ the CQ response appears as an effective nonlinearity when reducing the three-dimensional elongated condensates to onedimensional systems ͓28͔.
Despite the increased theoretical interest, there are no real systems with nonlinear CQ response. This fact motivated the proposal of Ref. ͓18͔ to implement such response using engineered coherent media. The major limitation encountered in Ref. ͓18͔ is that the analysis performed in the perturbative regime was predicting occurrence of the phenomenon for nonperturbative probe fields. Therefore, a thorough examination of that system beyond the perturbative regime is required in order to validate the proposal.
In this paper we rely on a nonperturbative analysis of the interaction between the fields and the coherent medium to obtain refractive indexes with contributions from the probe and coupling beams similar to a CQ nonlinear response. We show by numerical simulations that the nonlinear optical response of the medium supports two-dimensional solitons with mechanical properties resembling those of liquids.
The paper is organized as follows. In Sec. II the physical system is introduced and the choice of its parameters is addressed. In Sec. III the numerical simulations of the beams dynamics with liquidlike behavior are presented and discussed. In Sec. IV the "surface tension" of optical beams is examined in analogy to the one of liquid droplets. Section V contains a summary of our results and the conclusions.
atomic population due to the interaction with radiation fields is described by the master equation
where is the density matrix operator, ⌫ models the spontaneous relaxation and dephasing processes shown in Fig. 1 , and H I ͑t͒ represents the time dependent interaction Hamiltonian. In the interaction picture H I ͑t͒ reads as ͓12͔ The matter-field equations comprising Eq. ͑1͒ and the equations for the field propagation can be decoupled assuming an instantaneous response of the medium to the electromagnetic fields. The explicit form of the time evolution equations for the density matrix elements ij ͑i , j =1, ... ,4͒ in the rotating wave approximation and neglecting local-field effects ͓29͔ can be found in Ref. ͓7͔ . In the case of a steadystate atomic population = 0, the density matrix elements ij are obtained in terms of the fields ⍀ p,c by solving the linear system ͑1͒. Then, the response of the medium to the electromagnetic fields is determined by the formulas ͓30͔
where p,c = ͉ 13,23 ͉ 2 / ⑀ 0 ប, being the atomic density. The susceptilibities ͑3͒ can be cast in a form similar to the one obtained in Ref.
with ͕␣ ij ͑p,c͒ ͖ and ͕␤ ij ͖ being 6 ϫ 5 complex and 7 ϫ 6 real matrices, respectively. The shape and the value of the susceptibility p reflect the interplay of 31 and 42 which in turn are controlled by the detunings ⌬ ij . The coherence between 31 and 42 is established with the aid of the coupling beam. The same mechanism was proposed to enhance the crossphase modulation between two fields ͓31͔ and the third-order nonlinear susceptibility of a coherent media ͓7͔.
The four-level scheme shown in Fig. 1 may be implemented with different atomic systems. As an example, using the D lines of cesium atoms in our notation the states ͉1͘, ͉2͘, ͉3͘, and ͉4͘ can be assigned to the levels 6S 1/2 ͑F =3͒, 6S 1/2 ͑F =4͒, 6P 1/2 ͑FЈ =3͒, and 6P 3/2 ͑FЈ =5͒, respectively. For the analysis to be presented in this paper we have chosen the following realistic physical parameters ͓32͔: 13 Ӎ 6.74 ϫ 10 −30 Cm, 23 Ӎ 2.24ϫ 10 −30 Cm, 24 Ӎ 1.05ϫ 10 −29 Cm,
and =10
14 cm −3 . We stress that many of the phenomena presented in this paper were also observed using other sets of realistic parameters belonging to different types of atoms and atomic transitions.
In Figs. 2͑a͒ and 2͑b͒ we plot the dependence of the field susceptibilities on the probe amplitude for fixed coupling amplitude and two different detuning sets ⌬ 13 = ⌬ 23 =10␥, ⌬ 24 = 119␥ ͑bare lines, in red͒, and ⌬ 13 = ⌬ 23 =40␥, ⌬ 24 = 194␥ ͑lines with filled circles, in blue͒. As can be appreciated in Fig. 2͑a͒ , the real part of the probe susceptibility ͑Re͕ p ͖͒ displays focusing and defocusing behavior for small and large field amplitudes, respectively, being similar to the CQ nonlinearities. This type of response is essentially different from the usual behavior of nonlinear optical materials where Kerr or saturable nonlinearities are found. We will show that our more complicated but realistic coupled system displays some of the striking properties predicted to occur in optical media with CQ nonlinear response.
The evolution of the probe and coupling fields in the fourlevel medium is described by two coupled NLS equations where we consider for simplicity c Ϸ p ,
where ⌬ Ќ = ‫ץ‬ 2 / ‫ץ‬x 2 + ‫ץ‬ 2 / ‫ץ‬y 2 . To ensure that losses do no take over the beam for realistic propagation distances we have checked numerically that the real and imaginary parts of the probe susceptibility should fulfill Im͕ p ͖ 10 −3 Re͕ p ͖. Also, Re͕ c ͖ needs to be at least three orders of magnitude smaller than Re͕ p ͖ so that a coupling beam with long-distance dynamics will have almost no influence on the short-distance dynamics of the probe beam. Energy levels of the atomic system and the associated physical processes. The probe field p couples to the transitions ͉1͘ ↔ ͉3͘ and ͉2͘ ↔ ͉4͘, and the coupling field c to ͉2͘ ↔ ͉3͘. ␥ 13 , ␥ 24 , ␥ 23 account for spontaneous relaxations and ␥ 12 for dephasing processes.
In Fig. 2͑a͒ we see that Re͕ c ͖ exhibits a zero crossing point at a value of I p , whose location depends on the value of ⌬ 24 . For our goals, it is desirable to minimize the coupling between the two laser beams. In order to achieve this, we use an iterative procedure starting with a set of susceptibilities fulfilling the above-mentioned conditions and calculating numerically the eigenstate whose propagation is to be studied. Next, ⌬ 24 is adjusted to render Re͕ c ͖ vanishingly small in the vicinity of the maximum amplitude of the flat-top eigenstate. With the new obtained value for ⌬ 24 , Re͕ p ͖ and its eigenstate are recalculated. Then, the tuning cycle is repeated. The value of ⌬ 24 is not critical and after few iterations its value remains almost unchanged. The detuning sets and the eigenstates used in Figs. 2͑a͒-2͑c͒ have been obtained following the above procedure. In Fig. 2͑d͒ we depict the qualitative relationship between ⌬ 13 ͑=⌬ 23 ͒ and ⌬ 24 which leads to Re͕ c ͖Ϸ0 at the maximum amplitude of the probe eigenstates of the given norm.
The dependence ͑via detunings͒ of the susceptibilities on the external magnetic fields can be used to implement spatially inhomogeneous or time-dependent optical nonlinearities which otherwise are rather cumbersome to be achieved, for instance, by layered media. The changes in the detunings due to external magnetic fields follow the relationships ͓32͔
where ⌬ 13 0 , ⌬ 23 0 , ⌬ 24 0 are initially established values by the minimal coupling condition. The behavior of the susceptibilities for positive and negative ␦ is shown in Fig. 3 . We note that the probe susceptibility maintains its shape but changes the position and the value of its maximum, and may take on even negative values for small probe amplitudes ͓dashed line, in red, in Fig. 3͑a͔͒ . However, changing the detunings according to Eqs. ͑6͒ the condition of minimal coupling initially established may not hold anymore. In the following section we will show how different types of susceptibilities, similar to those shown in Fig. 3͑a͒ , can be used for the spatial steering of the probe beam.
III. NUMERICAL SIMULATIONS

A. Numerical method
To study the propagation of the coupled optical beams governed by Eqs. ͑5͒, we have performed a series of numeri- cal experiments. Since the susceptibilities shown in Fig. 2͑a͒ are obtained for fixed amplitudes of the coupling field, the spatial width of the coupling beam needs to be about two or three orders of magnitude larger than the one of the probe beam in order to host the dynamics of the probe beam. Therefore flattop probe beams with transverse half-widths of about 70 m were launched inside Gaussian coupling beams of much larger transverse half-width, e.g., w c Ӎ 5 mm.
The numerical simulations of Eqs. ͑5͒ have been performed by a pseudospectral split-step algorithm of second order in z. To deal with beams having widths differing by several orders of magnitude, we have used a polynomial-type mapping of the grid for the transverse variables ͓33͔. In all simulations the propagation step was set to 1.4 m. Its value has been swept over two orders of magnitude and no significant change in the dynamics of the beams was observed. For more details regarding the propagation algorithm we direct the reader to Ref. ͓33͔.
B. Evaporation
First we address the influence of the nonlinear losses on the propagation of flattop eigenstates of Eq. ͑5b͒ obtained without losses. In Fig. 4 the evolution of the optical power, maximum intensity, and transverse width of the probe and coupling beams with the propagation distance z are depicted.
We see in Fig. 4͑b͒ that, in spite of the dissipation, the maximum amplitude of the probe beam ͑solid line, in red͒ remains almost constant, while its transverse width decays ͓solid line, in red, in Fig. 4͑c͔͒ . The small oscillations exhibited by the maximum amplitude and the transverse width indicate that the probe beam readjusts its shape during the propagation to keep the peak amplitude constant. This phenomenon resembles the evaporation through surface featured by liquid droplets. To draw a quantitative analogy we assume a rectangular radial shape for the flattop stationary state 
ͮ ͑7͒
If the nonlinear losses dN / dz =−2͐d 2 r Im͕ p ͖͉⍀ p ͑r͉͒ 2 are taken to be the source of the width decay at constant amplitude dN / dz =2wA 2 dw / dz, then the transverse width decays exponentially as w͑z͒ = w͑0͒exp͑−z͒, with the decay coefficient determined from the imaginary part of the probe susceptibility as =Im͕ p ͑I p Ӎ 4 W/ mm 2 , I c Ӎ 26 W / mm 2 ͖͒ Ӎ 0.2 cm −1 . From Fig. 4͑c͒ it can be appreciated that the decrease of the transverse width at constant amplitude ͑dot-ted line, in blue͒ approaches the width decay of the probe beam ͑solid line, in red͒, thus supporting a formal analogy with the evaporation of liquid droplets.
C. Droplet impact against a "solid surface"
The impact of fluid droplets against solid surfaces gives rise to a broad class of outcomes, e.g., rebound, deposition, or splashing, depending on their velocity, the temperature, or the surface tension of the liquid. Spatially inhomogeneous susceptibilities allow us to reproduce some features of the liquid droplet impact dynamics by means of optical beams.
In particular, we have simulated collisions of flattop probe eigenstates against a "solid surface" yielding droplet formation ͓Figs. 5͑a͒-5͑d͔͒ and rebound ͓Figs. 5͑e͒-5͑h͔͒ for large and small impact velocities, respectively. The probe beam propagates inside a region characterized by ⌬ 13 = ⌬ 23 =20␥ and ⌬ 24 = 130␥. For the "solid surface" region the detunings are ⌬ 13 =30␥, ⌬ 23 = 0, and ⌬ 24 = 140␥, this choice inducing probe susceptibilities of negative values, similar to the dashed line, in red, depicted in Fig. 3͑a͒ . In general, to reproduce the behavior of a "solid surface" one needs to create a spatial domain where the initially launched beam is not supported as a stationary state. Therefore, the beam will not be able to enter into the "solid surface" region for sufficient low impact velocities.
D. Emission of solitary waves
In Figs. 6͑a͒-6͑d͒ we provide another example of the phenomenon which can be achieved by detuning management. The setup comprises two adjoint regions ͑separated by the vertical white line͒ characterized by different sets of detunings, ⌬ 13 = ⌬ 23 =30␥, ⌬ 24 = 164␥ ͑left͒ and ⌬ 13 =26␥, ⌬ 23 =38␥, ⌬ 24 = 160␥ ͑right͒. In this configuration the susceptibilities of the left and right regions will exhibit shapes similar to the solid line, in black, and the solid line with filled circles, in blue, in Fig.  3͑a͒ , respectively. The higher nonlinearity of the right region will attract any optical beam placed in the vicinity of the interface. Nevertheless, the numerical simulations show that this scenario yields nontrivial dynamics as the initial flattop probe eigenstate decays to a train of smaller solitary waves as in Fig. 6͑d͒ . The formation of the soliton train can be understood as the interplay between an effective attractive potential and the surface tension effects which act against beam breakup. In the case of a smaller difference between the left and right nonlinearities the surface tension effect suppresses the extraction of droplets ͑solitary waves͒ from the initial flattop shaped beam, and the beam is slowly translated as a whole to the region of larger nonlinearity. The extraction of optical solitons presented here may be regarded as a twodimensional scenario of the configuration analyzed in Ref.
͓34͔ for BEC.
E. Dynamics of the coupling beam
In the previous sections we have focused on the dynamics of the probe beam alone. We remind the reader that all simulations are run on the basis of Eqs. ͑5͒ taking into account the full nonperturbative evolution of both probe and coupling beams. Although a minimal coupling condition was imposed, see Sec. II, the coupling beam develops some dynamics too, along the propagation distances considered in Figs. 4-6. Changes in the profile of the coupling beam will appear mainly in the spatial region where the dynamics of the probe beam takes place. In the region of the vanishing probe beam, the coupling field experiences a susceptibility equal to zero and its dynamics will be governed only by the diffraction term. In Fig. 7 we depict the coupling beam profiles over the physical and computational domains corresponding to the simulation of droplet formation, Figs. 5͑a͒-5͑d͒. We remark that the small peak emerging in the coupling beam due to the interaction with the probe beam is well resolved on the nonuniform grid; see the right column of Fig. 7 .
To have an insight into the influence of the dynamics of the coupling beam on the probe susceptibility, we represent in Fig. 8͑a͒ the evolution of the maximum and minimum values of the coupling beam intensity over spatial domains which host the dynamics of the probe beam; for details see Fig. 8 caption. From Fig. 8͑a͒ one can appreciate the effect of the minimal coupling condition introduced in Sec. II.
The lines with filled triangles, in blue, and those with filled squares, in red, exhibit moderate deviations from the initial value even for large propagation distances, while the lines with filled circles, in black, display larger deviations. This is a consequence of the fact that the minimal coupling condition is not fulfilled in the region where the soliton train is emitted ͑right region in Fig. 6͒ .
The influence of the coupling beam intensity on the probe susceptibility is shown in Fig. 8͑b͒ . We remark that the shape of the probe susceptibility does not change significantly during the propagation due to the dynamics of the coupling beam.
IV. SURFACE TENSION
The numerical experiments presented in the previous section seem to imply the existence of surface tension effects in the optical probe beam analogous to those present in liquids. The energy due to the surface tension may be calculated assuming a thermodynamical model and writing the free energy as ͓35͔
where H p is the Hamiltonian associated to Eq. ͑5b͒ ͑consid-ering a spatially constant coupling field͒, S is the surface tension energy, N p is the norm, and ␤ p the probe propagation constant. In Fig. 9 we plot S and its derivative dS / dw p as functions of the normalized transverse width w p for two detuning sets. For liquid droplets the derivative of the surface tension dS / dw p grows linearly with the droplet size. The same behavior is observed in Fig. 9͑b͒ for the probe flattop eigenstates, supporting the analogy with the liquid droplets.
V. CONCLUSIONS
We have proposed a tailoring scheme in the nonperturbative regime which allows the realization of nonlinearities with a focusing behavior for low field amplitudes and defocusing for larger field amplitudes using coherent media. This behavior, different from typical Kerr or saturable nonlinearities, is reminiscent of the cubic-quintic nonlinearities in which many interesting phenomena have been predicted to occur. The simulations of the vector system describing beam propagation through our tailored media reveal that the dynamics of flattop optical beams exhibits surface tension effects similar to those of liquid droplets.
The behaviors presented in this paper obtained using spatially inhomogeneous field detunings may be implemented by appropriately placed micromagnets in conjunction with full-optical atomic traps ͓36͔.
